We present a joint experimental and theoretical study of ionization of argon atoms by a linearly polarized two-color laser field (λ 1 = 800 nm, λ 2 = 400 nm). Changing the relative phase ϕ between the two colors, the forward-backward asymmetry of the doubly differential momentum distribution of emitted electrons can be controlled. We find excellent agreement between the measurements and the solution of the time-dependent Schrödinger equation in the single-active electron approximation. Surprisingly we also find good agreement between the quantum and classical calculations of electron momentum distributions generated by lasers at optical wavelengths.
I. INTRODUCTION
Strong-field ionization by two-color laser fields with welldefined relative phase allows one to tune and to control the emission process giving rise to strong variations in the resulting energy and angular distribution of ionized electrons. Twocolor pulses were used in previous investigations of abovethreshold ionization (ATI) [1] [2] [3] , controlled ionization [4] [5] [6] , dichroism [7, 8] , and orientation of molecules [9] . Recently, they have also been applied to control interference fringes in the momentum distribution of electron emission [10] [11] [12] using the fundamental component and one of its harmonics.
The temporal shape of the field is determined by the intensities of the two components and their relative phase ϕ or, in other words, the time between the respective field maxima. Exploiting the influence of ϕ on physical processes involved in atomic ionization is often referred to as "coherent phase control" [1] . This coherence in the multicolor optical field is to be distinguished from the coherent response of the electronic wave packet giving rise to complex interference patterns in the momentum distributions of the ionized electron. The interference structures in photoelectron spectra can be identified as a diffraction pattern from a "time grating" composed of intracycle and intercycle interferences [13] [14] [15] [16] . While the intercycle interferences give rise to the well-known ATI peaks, intracycle interferences lead to a modulation of the ATI spectrum offering information on the subcycle ionization dynamics. The interference process previously observed [10] and analyzed [14] for single-color fields is expected to be present for multicolor fields as well [11] .
In the present study, we provide direct experimental evidence and a theoretical analysis for the control of the interference pattern as well as of the breaking of inversion symmetry by variation of the two-color phase ϕ of the optical field. We use a primary color in the near-infrared with λ 1 ≈ 800 nm and a less intense frequency-doubled contribution in the visible blue at λ 2 ≈ 400 nm. The experiment utilizes a reaction microscope (ReMi) which provides kinematically * diego@iafe.uba.ar complete data and allows us to resolve the complex pattern in the multidifferential photoemission cross section.
The prominent presence of intracycle and intercycle interferences strongly suggests that the emission process is dominated by quantum effects controlled by the wavelength of the optical fields. While in the midinfrared region (λ 2000 nm) emission spectra can be well reproduced by classical simulations [17] [18] [19] [20] [21] , pronounced quantum effects are expected to be present for shorter wavelengths in the optical region used in the present work. However, upon averaging over the focal volume of the laser pulse, or more generally, upon washing out of the interference modulations (coarse graining), the results of quantum calculations may approach the classical limit of a classical trajectory Monte Carlo (CTMC) simulation. We will explore the surprisingly strong classical-quantum correspondence for the present system and discuss its implications.
The article is organized as follows. In Sec. II, we describe the experimental setup and summarize the calculation methods used: The nonperturbative solution of the time dependent Schrödinger equation (TDSE) in the single-active electron (SAE) approximation and its classical counterpart, the CTMC method. For comparison, we also show results for two popular perturbative solutions within the framework of the distorted-wave Born approximation (DWBA), the strong-field approximation (SFA) and the Coulomb-Volkov approximation (CVA). Our results are presented and discussed in Sec. III. Atomic units (e = = m e = 1 a.u.) are used throughout unless stated otherwise.
II. METHODS

A. Experiment
In the experiment, a ReMi [22] spectrometer is used to guide the charged fragments by electric and magnetic fields to their respective detectors. The time of flight and impact position of the particles on the detectors are recorded in coincidence allowing us to determine their three-dimensional momentum k after ionization with high resolution. Taking the z coordinate as the spectrometer axis and x and y coordinates as the transverse directions, we achieve a momentum resolution of k (for a more detailed description of a ReMi setup and the necessary data evaluation procedure see, e.g., Refs. [22, 23] ). The laser pulses are created with a two-color Mach-Zehnder interferometer (Fig. 1) . The red fundamental beam is the output of a commercial titanium:sapphire laser system with a central wavelength of λ 1 = 790 nm and a pulse duration of τ 1 = 25 fs. It is split into two parts. One part remains unchanged, while the other part first passes a λ/2 wave plate and is then frequency doubled in a type I BBO crystal. Both beams are recombined behind a dichroic mirror and sent into the ReMi. The two fields are linearly polarized parallel to each other along the z axis. The intensities are estimated by comparing the experimental width of the ion longitudinal momentum distribution to the theoretical width obtained from the ADK formula [Eq. (10) in Ref. [24] ] and, in addition, by comparing the double ionization yield as well as the Ar 2+ momentum distribution to previously reported experiments [25, 26] . Within 30% of confidence, the intensities are I 1 = 2.4 × 10 14 W/cm 2 and I 2 = 2.0 × 10 13 W/cm 2 for the red and blue components, respectively. The duration of the blue pulse is estimated to be τ 2 = 40 fs.
In our simulations, we model this multicolor laser electric field by
with ϕ CEP the carrier-envelope phase (CEP). We use a sin 2 envelope for both colors with pulse durations τ i and amplitude
This envelope is a suitable representation of the experimental pulse shapes near the maxima where strong-field ionization takes place. In the simulation, we have varied the pulse duration from τ 2 = 2τ 1 (close to the experiment) to τ 2 = τ 1 The results turn out to be rather insensitive to the particular choice of τ i . In the experiment, the carrier envelope phase ϕ CEP of the red pulse is not stabilized. However, the precise value of ϕ CEP is of minor importance due to the long pulse duration. It does not induce any significant breaking of inversion symmetry and, thus, of the forward-backward asymmetry of the photoelectron emission. Instead, the phase ϕ [Eq. (1) ] between the two colors serves as the control parameter for the degree to which inversion is broken as it results in variations of the effective vector potential and the electric field (Fig. 2) . In the experiment, the "absolute value" of this two-color phase is not determined. However, its value ϕ is varied by an increment ϕ through a controllable delay between the blue and red pulses. During the measurements, the length of the arm of the interferometer (Fig. 1) was changed continuously to cover the entire range of ϕ ∈ [0,2π ]. Accordingly,
with an unknown offset value ϕ 0 . We will show that the agreement between the quantum simulation and experimental results can be used to determine ϕ 0 in the experiment and, thus, the absolute value of ϕ. The pulses are focused inside the ReMi by a spherical mirror (f = 70 mm) onto a low-density supersonic jet of argon (10 8 atoms/cm 3 ). We assume a Gaussian profile of the laser beam with a focal radius of approximately 10 μm corresponding to a Rayleigh length of 400 μm for the red and 800 μm for the blue components. Changing the size of the gas jet and its position with respect to the laser focus with the help of collimation slits, we did not detect any Gouy-phase effect.
In the simulations, we average the electron spectra over the experimental intensity distribution in the focal volume of the two-color laser pulse. Assuming a cylindrically symmetric beam with Gaussian intensity profile and maximum intensity I 0 , the volume with an intensity larger than I i is proportional to [27] 
with β = √ I 0 /I i − 1. Averaging is done by performing calculations for many values of I i keeping the ratio between the intensity maximum of the two fields constant. Due to the long computing times, intensity-averaged quantum simulations have been calculated only for selected values of ϕ.
B. Simulations
Solution of the time-dependent Schrödinger equation
We numerically solve the TDSE in the length gauge of the dipole approximation,
in the SAE approximation. We employ the generalized pseudospectral method [28] [29] [30] . This method combines the discretization of the radial coordinate optimized for the Coulomb singularity with suitable quadrature methods allowing for stable long-time evolution using a split-operator representation of the time-evolution operator. Both the bound as well as the unbound parts of the wave function |ψ(t) can be accurately represented. The atomic potential V (r) is modeled as the sum of the asymptotic Coulomb potential, V (r) = −1/r, and a short-range potential accounting for the influence of the ionic core of Ar + . Its parameters are chosen to reproduce the ionization potential I p = 15.76 eV and the energies of lower excited bound states [31] . Propagation of the wave function starts from the initial 3p ground state orbitals ϕ 3p0 since the ionization from the m = 0 orbital, aligned along the laser polarization axis, strongly dominates over m = −1,1 in the resulting spectrum. Due to the cylindrical symmetry of the atom in a linearly polarized laser field, the magnetic quantum number is conserved during the time evolution. Once the pulse is over, the wave function is projected onto eigenstates |k, of the field-free atomic Hamiltonian with positive eigenenergy E = k 2 /2 and orbital quantum number in order to determine the transition amplitudes t i→k .
The size of the computational box was chosen to be 1200 a.u. (∼65 nm), which is considerably larger than the maximum quiver amplitude α of less than 20 a.u. in order to minimize unphysical reflections of the wave function at the boundary. Still, due to the long pulse duration employed in the experiment, parts of the electronic wave packet released at the maximum field with a momentum of k 0.2 a.u. may still reach the boundary of the box. Therefore, we have performed simulations with a total pulse duration of eight cycles of the primary color and 16 cycles of the frequencydoubled component, i.e., τ 1 = τ 2 , and have checked that the pulse duration does not significantly affect the results of our simulations.
Classical-trajectory Monte Carlo method
Alternatively, we have modeled the experiment using a classical simulation. Our classical-trajectory Monte Carlo simulation has been described in detail elsewhere [32] and proceeds as follows: using the ADK tunneling rates for electrons with m = 0 and m = ±1 [33] the distribution of starting times t 0 for the propagation of classical trajectories following Newton's equation of motion is determined. The initial conditions for the longitudinal and perpendicular momenta at the tunnel exit are taken from Ref. [34] . The trajectory of emitted electrons in the combined laser and ionic fields is calculated using a standard fourth-order Runge-Kutta solver. The ionic potential V (r) is calculated in the Hartree-Fock approximation [35] . Both the atomic potential and the external laser field are nonperturbatively included. All classical results shown in this paper have been averaged over the intensity profile of the laser beam using Eq. (3).
Distorted-wave approximations
The transition amplitude in the post form can be derived within the time-dependent first-order distorted wave approximation (DWBA) [36] ,
where |φ i (t) is the initial atomic eigenstate with ionization energy I p and |χ − f (t) is the final distorted wave function. The particular choice of |χ − f (t) reflects the distortion potential taken into account in the exit channel [37] . For example, in the SFA (first derived within the Keldysh-Faisal-Reiss theory [38] [39] [40] ) |χ − f (t) is represented by Volkov states [41] , which neglect the influence of the ionic core potential on the outgoing electron. Alternatively we have performed calculations in the Coulomb-Volkov approximation (CVA), which was first proposed by Jain and Tzoar [42] and extensively used for ionization by monochromatic low-intensity lasers [39, 40, [43] [44] [45] [46] . In the CVA, |χ − f (t) contains both the phase of the Volkov state as well as the Coulomb continuum state of the field-free atom. For hydrogenic systems |χ − f (t) is analytically known [47, 48] while it is numerically determined for atomic model potentials that include non-Coulombic short-ranged contributions.
III. RESULTS
A. Photoelectron spectra
One key observable is the photoelectron energy spectrum P (E). In Fig. 3 we compare the experimental results with simulations for the two-color phase ϕ = 0 [Eq. (1)]. The experiment and the quantum simulation feature equidistant maxima due to the multiple absorption of photons at E = n ω − I p − U p (ATI maxima), with the ionization energy for Ar I p = 0.058 a.u. = 15.76 eV, ω ≈ 0.057 a.u. = 1.55 eV the photon energy for the dominant color, and the ponderomotive energy
We observe that the TDSE spectrum reproduces the experiment quite well within the entire energy range, except for the spikes at ∼1 eV, which are most likely related to Freeman resonances [49, 50] the overall spectra differ substantially from the measured energy distribution; e.g., the average slope of CVA and SFA is much steeper than that of the measured spectrum. By contrast, while the CTMC spectrum, as expected, does not show any modulations resulting from the quantum nature of the photoionization process, its overall shape and slope reproduce the experimental spectrum remarkably well.
B. Momentum distributions
More detailed information on the strong-field photoemission process can be gained from doubly differential momentum distributions: distributions as a function of the longitudinal momentum k z and the transverse momentum k ρ = √ k 2 x + k 2 y , the momentum perpendicular to the polarization axisẑ (because of azimuthal symmetry for linearly polarized fields, the coordinates k x and k y are equivalent). The phase-averaged experimental momentum distribution [ Fig. 4(a) ] is compared to corresponding simulations. For parallel momentum k z = −0.24 a.u. the time of flight is equal to an integer multiple of the cyclotron period of the electrons in the magnetic field of the ReMi, and, thus, the transverse momentum is not resolved. The sharp double rings around 0.27 a.u. (marked with arrows) are the signatures of Freeman resonances, which are also visible in the energy spectrum at 1.1 eV in Fig. 3 .
Near-threshold experimental and quantum angular distributions feature interference structures which have been observed for single-color ionization at 790 nm [50, 51] and have been interpreted as generalized Ramsauer-Townsend diffraction patterns [52, 53] . Their presence is rather insensitive to the two-color driving field and, consequently, to the average over ϕ. The number of angular nodes or, equivalently, the number of "rays" emanating from the origin ( k = 0) is controlled by the dominant angular momentum of the emitted electrons L(k) ≈ √ 2α + α 2 k 2 [53] with α the quiver amplitude. For the present laser parameters, we find a maximum value of α ≈ 18 independent of the two-color phase. Consequently, close to the threshold ( k ≈ 0) the angular momentum becomes L(0) ≈ √ 2α ≈ 6 in agreement with the nodal structure for small momenta. For larger momenta (k = 0.25 a.u.), traces of additional nodes appear in agreement with the estimate L(k) ≈ 7.5. The phase-and intensity-averaged TDSE momentum distribution in Fig. 4(b) reproduces almost all features of the experimental data (except for the Freeman resonances): the "bouquet" shape structure as well as the ring structure stemming from the multiphoton absorption. Both distributions show similar extensions along the k z and k ρ axes.
The CTMC momentum distribution [ Fig. 4(c) ] neither shows the near-threshold Ramsauer-Townsend diffraction pattern nor ATI-ring structures as both arise from interference effects. However, the overall shape and average intensity pattern is rather well reproduced. By contrast, the distorted wave approximations, the CVA [ Fig. 4(d) ] and the SFA [ Fig. 4(e) ], reproduce some of the interference structures but fail to reproduce the overall intensity distribution. We therefore focus in the following on the ϕ dependence of the momentum distributions in the TDSE and CTMC simulations.
As an example for the degree of emission control obtained by the two-color phase ϕ, we show the momentum distributions resulting from the TDSE and CTMC simulations for ϕ = 0 in Fig. 5 . The TDSE doubly differential momentum distributions for fixed intensities I 1 and I 2 without averaging [ Fig. 5(a) ] and after intensity averaging over the focal volume [ Fig. 5(b) ] show, apart from the quantum interference structures, a strongly preferential emission in the forward direction (towards positive k z ). For this value of ϕ, the inversion symmetry is broken resulting in a pronounced forward-backward asymmetry with P ionization (k ρ ,k z ) = P ionization (k ρ ,−k z ). Intensity averaging partly smears out the interference pattern [ Fig. 5(b) ]. The forward-backward asymmetry is remarkably well reproduced by the CTMC calculations [ Fig. 5(c) ]. Both the intensity-averaged TDSE and CTMC simulations feature a strongly focused forward emission and a weaker and broad structure at negative longitudinal momentum that extends from threshold up to k z ≈ −0.4 a.u. and k ρ ≈ 0.2.
Following a similar analysis for single-color infrared pulses [18, 19, 32] , we explore the classical-quantum correspondence in the energy-angular momentum plane (Fig. 6) . The single intensity TDSE distribution (left panel), the intensity-averaged TDSE distribution (central panel), and the CTMC distribution (right panel) closely resemble each other with the only noticeable difference being the missing interference pattern in the classical distribution. Prior to intensity averaging (left panel), the TDSE distribution features distinct maxima along horizontal lines at the ATI energies. The spots within a line are separated by ≈ 2 as expected from approximate dipole selection rules. In the CTMC distribution (right), we have marked two regions that display a pronounced dependence on ϕ (see animation in the Supplemental Material) [54] . The central maximum of the distribution (region 1) shifts its weight within the region between the two delimiting lines as ϕ is varied. Structure 2 is not found in singlecolor ionization at 800 nm and increases in intensity with increasing laser intensity of the blue-color field. It is a unique feature of two-color pulses appearing at almost constant low angular momentum ( ≈ 3) and reaching beyond 2U P for high energies suggesting an enhancement of the rescattering process driven by the two-color laser pulse. 
C. Inversion-symmetric observables
It is instructive to compare experiment and simulation for those physical observables that are insensitive to the broken inversion symmetry and are thus expected to be periodic in ϕ with period π . Examples are the total ionization yield P ion or the mean escape energy of photoelectrons, E . As can be seen from Fig. 7 both, P ion and E , show a ϕ-dependent variation with the expected π periodicity. The largest total photoemission probability is found for ϕ = 0 and ϕ = π , which can easily be understood by the increased maximum field strength for two pulses in phase, F max (ϕ = 0) = √ I 1 + I 2 . Experiment and simulation show the π periodicity. The oscillation amplitude in the simulation is 10 times larger than measured in the experiment, the reason of which is not clear and needs further investigation. Intensity-averaged TDSE results again show almost perfect agreement with the classical simulation demonstrating the high degree of classical-quantum correspondence. Similar close agreement can be found for E in intensity-averaged simulations. Without intensity average, E is about 0.055 a.u (1.5 eV) higher. Again, the oscillation amplitude in experiment is by a factor of 10 smaller than in the simulations.
Similarly the mean angular momentum L displays π -periodic oscillations. For the comparison between the quantum and the classical calculations we use the Langer connection formula [55] , L = + 1/2, between the angular momentum quantum number and the classical angular momentum L. Its expectation value oscillates around L ≈ 7. The agreement between classical and intensity-averaged quantum calculations is very good. In Fig. 7(a) (lower panel) we can observe that single-intensity TDSE ionization probability for ϕ = π is about 18% lower than for ϕ = 0. This departure from the π periodicity can also be observed for the single-intensity TDSE mean energy and angular momentum in Fig. 7(b) (lower panel) and Fig. 7(c) , respectively. This departure from a perfect π periodicity is a CEP effect due to the short duration of the pulse in the quantum simulations. Averaging over the focal volume restores the π periodicity making the TDSE calculations resemble the measurement more closely. 
D. 2π -periodic observables
In order to quantify the breaking of inversion symmetry by the two-color laser pulse we focus now on observables O that are periodic by 2π rather than π , i.e., for which O (π + ϕ) = O (ϕ). One obvious choice is the projection of the momentum distributions on the axis parallel to the laser polarization direction, dP /dk z . The experimental data [ Fig. 8(a) ] and the TDSE calculations for a single intensity without average over the focal volume [ Fig. 8(b) ] clearly display oscillations with period 2π . Additionally, the calculation shows clear signatures of intercycle (ATI-like) interferences as horizontal stripes for ϕ between 0.5π and π near k z = −0.5 a.u. and between 1.5π and 2π near k z = 0.5 a.u., traces of which are barely visible in the experimental data due to intensity averaging. Likewise, the averaged longitudinal momentum, k z in Fig. 8(c) , is a 2π -periodic function which allows for an unambiguous determination of ϕ and thus of the offset ϕ 0 [Eq. (2)]. The present analysis underscores the precise control over the subcycle dynamics afforded by the two-color phase ϕ of the ω − 2ω field and its accurate description by the TDSE solution within the SAE framework.
Another measure for the forward-backward asymmetry is the asymmetry parameter a defined as
where
are the total emission probabilities in forward and backward directions, respectively. We note that for a(ϕ) and k z (ϕ) quantum and classical simulations agree even without intensity averaging.
E. Comparison of the momentum distribution
After having determined the phase offset ϕ 0 and thus the absolute value of the ω − 2ω control phase ϕ [Eq. (2)], we can now directly compare the measured and calculated TDSE momentum distributions for different phases (Fig. 9) overall agreement of the main features of the experimental momentum distributions (left column of Fig. 9 ) and the results of the intensity-averaged TDSE calculations (right column of Fig. 9 ) is striking: washed-out ATI rings with maximum intensity for near forward or backward direction as well as the angular nodes from the Ramsauer-Townsend diffraction patterns are accurately reproduced even with similar fringe visibility. Although the qualitative features are also found in the single-intensity TDSE calculation [ Fig. 5(a) ], the quantitative agreement with the experiment is much enhanced when accounting for the experimental intensity distribution in the laser focus. We find that the direction of emission strongly depends on ϕ. We observe the dominant emission in the forward direction for ϕ = 0 [Figs. 9(a) and 9(f)]. As expected, the distributions for ϕ = π are the mirror images to the distributions at ϕ = 0 [Figs. 9(e) and 9(j)] with no significant CEP effects in both experiment and calculations. As ϕ changes from ϕ = 0 to ϕ = π the momentum distributions shift from the forward to the backward direction. In the case of ϕ = 0.25π [Figs. 9(b) and 9(g)] visual inspection of the maxima of the distributions would suggest a strong preference in forward direction while the mean values k z (ϕ) and a(ϕ) averaged over all transverse momenta are, in fact, close to zero.
IV. CONCLUSIONS
We have presented a combined experimental and theoretical analysis of single ionization of argon atoms interacting with linearly polarized two-color laser fields (λ 1 = 800 nm, λ 2 = 400 nm). Electron momentum distributions have been recorded with a reaction microscope and compared to different theoretical model-calculation spectra. After focal averaging, very good agreement was achieved between experimental and simulated results. The level of agreement allows for the determination of the absolute phase of the two-color phase ϕ between the ω and 2ω fields unambiguously. The electron momentum distribution as well as the forward-backward asymmetry parameter is sensitively dependent on ϕ, controlling the degree to which the two-color radiation field breaks the inversion symmetry. This ϕ dependence is to be distinguished from the effect of the carrier-envelope phase ϕ CEP , which is responsible for the violation of inversion symmetry for short single-color pulses. ϕ CEP plays no significant role for the longer pulses used here (τ ≈ 30 fs) and remains undetermined in the experiment.
The present analysis illustrates the remarkable degree of quantum-classical correspondence for the strong-field ionization by a two-color field with (near) optical frequencies. We find surprisingly good agreement between CTMC and TDSE simulations, in particular when quantum-interference oscillations are (partly) washed out by focal averaging. These observations lend support to the recent suggestion for singlecolor pulses [56, 57] that inclusion of semiclassical interference phases into a CTMC simulation should lead to closer agreement with TDSE simulations than frequently employed approximate quantum calculations based on distorted-wave Born approximations.
